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Abstract. We study equi-singular strata of plane curves with two singular points of prescribed types. The method of 
the previous work [Kcrner06] is generalized to this case. In particular we consider the enumerative problem for plane 
curves with two singular points of linear singularity types. 

First the problem for two ordinary multiple points of fixed multiplicities is solved. Then the enumeration for arbitrary 
linear types is reduced to the case of ordinary multiple points and to the understanding of "merging" of singular points. 
Many examples and numerical answers are given. 
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1. Introduction 

1.1. The setup and the problem. We work with (complex) algebraic curves in P 2 . Consider the parameter space 
of degree-d curves, i.e. the complete linear system |C P 2(d)|. It is a projective space of dimension = ( d ^ 2 ) — 1. 

A classical enumerative problem is: given the singularity types Si . . .S r , "how many" curves of the linear system 
0p2(<i)| possess singular points of these types? (To make this number finite one imposes a sufficient amount of generic 
base points. The degree d is assumed big enough to avoid various pathologies. By the singularity type in this paper we 
always mean the local, embedded, topological singularity type of a reduced plane curve. For more details and related 
notions cf.§2.) 

In this paper we consider the case of two prescribed singular points (the case of one singular point was considered 
in [Kcrner06] ) . First reformulate the problem. The parameter space 1 P 2 (d) | is stratified according to the singularity 
types of curves. The generic point of |Op2(d)| corresponds to an (irreducible, reduced) smooth curve. The set of 
points corresponding to the singular curves is called the discriminant of plane curves. It is an irreducible projective 
hypersurface in | Op2 (d) \ . 

Definition 1.1. For the given singularity types Si...8 r; the equisingular stratum Ssi...s r C \Op2(d)\ is the set of 
points corresponding to the curves with §i . . . S r singularities. 

The generic point of the discriminant lies in the stratum of nodal curves (S = E^). Other strata correspond 
to higher singularities. The stratum of <5-nodal curves Ea^i (whose closure Usax contains the stratum of curves of 
a given genus) is the classical Severi variety. Other strata are ^A k , ^D k , ^E k etc. The strata are quasi-projective 
varieties [Greuel-Lossen96] . For a comprehensive introduction to these equi-singular families and related notions cf. 
[GLS-bookl],[GLS-book2]. 

For small d various pathologies can occur, but for sufficiently high degrees (given the singularity types §i . . . § r ) the 
strata are non-empty, irreducible, smooth, of expected (co-)dimension. One sufficient condition for this is [Dimca-book, 
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§1.3]: d > ^o.d.(Si) +r — 1, here o.d. are the orders of determinacy. There are also other sufficient conditions, for- 
mulated in terms of the Milnor or Tjurina numbers of the types or the 7 invariant (cf. [GLS06, §3] and [GLS-book2, 
§IV.2]), e.g. — (d + 3) 2 - In this paper we always assume d big enough. 

By definition each stratum is embedded into |Op2(d)|, thus its natural compactification is just the topological closure. 
The closures of the strata are singular (often in co-dimension 1). The closed stratum defines the homology class 
[£§i...s J £ H*(\O r 2(d)\,Z) « Z in the homology of the corresponding dimension. The degree of this class is the degree 
of the stratum deg(Sg 1 ...s r ), obtained by the intersection with the generic plane in |C F a of the complementary 
dimension. This corresponds to imposing generic base points. So this degree is "the number" of curves possessing the 
prescribed singularities. 

In [Kcrner06] we proposed a method to compute the degrees of strata £§ for curves with just one singular point. 
In [Kerner08] the method was generalized to some singular hypersurfaces in P™. The current paper is an application 
of the method to the enumeration of curves with two singular points, i.e. to compute the classes [E^gJ. 

Acknowledgements. This work is a tail of my PhD, done under the supervision of E.Shustin, to whom I wish 
to express my deepest gratitude. The conversations and advices of P.Aluffi, G.-M.Greuel, I.Tyomkin were highly 
important. Careful reading of two anonymous referees has improved the text significantly. 

Most of the work was done during my stay in Max Planck Institut fur Mathematik, Bonn in 2006-2007. Many 
thanks for excellent working conditions. 

1.2. The known results. Since the question is completely classical, lots of particular results are known. We mention 
only a few (for a much better discussion cf. [Kleiman76, Kleiman85], [Kleiman-PieneOl, Remark 3.7] and [KazarianOl]). 

• The most classical case is degE,^. The history of solved cases starts from S = 1 in [Steinerl848], S = 2 in 
[Cayleyl866] and 5 = 3 in [Robertsl875]. The few-nodal cases were recalculated many times by various methods, e.g. 
for S < 3 in [Harris-Pandharipande95] , for 5 < 5 in [Vainsencher81, Vainsencher95] , for 5 < 8 in [Kleiman-Piene98, 
Kleiman-PieneOl, Kleiman-Piene04] . Various general algorithms have been given (e.g. [Ran89, Ran02] , [Caporaso-Harris98-l, 
Caporaso-Harris98-2]). It was conjectured [G6ttsche98] that degE^i is a polynomial in d of degree 25, for 6 < 2d — 1. 
This was proved in [Liu2000], where a general method of calculation of degSa^i was also proposed. Another proof 

has appeared recently: [Fomin-Mikhalkin09] . 

Finally, some many-nodal cases were treated, as they amount to enumeration of low genus plane curves (with 
Gromov-Witten invariants, quantum cohomology, [Kontsevich-Manin94] and all that.) The later approach is effective 
for low genus curves, i.e. when the number of nodes (or higher singularities) is almost maximal (6 < ( rf ~ 1 K rf ~ 2 ) ^ jt 
seems to be non-effective for high genus computations (e.g. in the case of just a few singular points). 

• The degXU 2 was predicted in [Enriques32] and (re)proved in [Lascoux77, pg.151], [Vainsencher81, 8.6.3, pg.416], 

[di Francesco- Itzykson95, pg. 86-88] and [Aluffi98, pg.10]. In the later paper deg £a 3 was also obtained. In [Kleiman-Piene98, 
theorem 1.2] the degrees of £d 4 ,Ai , X_d 4 ,2Ai , £d 4 ,3Ai, ^d 6 ,Ai an d were computed. The deg(T,A 2 A 1 ) was computed 
in [Vainsencher81, 8.6.4, pg.416] 

• The impressive breakthrough has been recently achieved in [KazarianOl]- [Kazarian03-2] . The proposed topological 
method allows (in principle) to compute the degree of any stratum (with lots of explicit results in [Kazarian03-hab]). 
In particular he presents the answers degSs 1 ...§ r for the total codimension: ^codim(Si) < 7. For higher singularities 
the method is not quite efficient, as it solves the problem simultaneously for all the singularity types of a given co- 
dimension. So, first one should classify the singularities (by now the classification seems to exist up to codimension 
16 only). Even if this is done, one faces the problem of enumerating huge amount of cases (the number of types 
grows exponentially with the codimension). And of course, each computation can give a result for a specific choice of 
singularity types, it is not clear whether the method allows to obtain results for some series of singularities. 

• In [Kerncr06] the problem was solved for curves with one singular point of an arbitrary given singularity type. The 
proposed method gives immediate answer (explicit formulas) for some specific series of types (the so-called linear). 
For all other (series of) types it gives an explicit algorithm. 

Despite numerous isolated results as above it seems that currently there is no effective universal method to com- 
pute degE§ 1 ...§ fc . Not speaking about a general formula giving this degree for various choices. And most methods use 
the information about adjacency of types: which singularity is obtained when the singular points of the types Si . . . Sfe 
are merged (collide) generically? 
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1.3. Our results. We consider the equisingular strata of curves with two singular points: Eg x g y . We restrict mostly 
to the case of linear singularity types (cf. definition 2.2.2). The simplest examples of linear singularity types are 
x\ + x\ for p < q < 2p. (In particular they include ordinary multiple point, Ak<3, Dk<e, Ek<8, Jio, ^fc<i3 etc.) 

We construct the partial resolutions Eg x g y — > Es x g H as on the diagram. Here Aux is an _ 

auxiliary space tracing parameters of the singularities, e.g. the singular points, the lines S§ x § !/ C \Op2(d)\ x Aux 
of the tangent cones, the line I = xy. The cohomology class [E§ x g B ] € H*(\Op2(d)\) is J, 4- 

completely determined by the class [Sg x § !/ ] G H* {\Op2{d)\ x Aux), so we compute the ^s. x s y C_ 

later. _ 

In §4.1 the cnumerativc problem for two ordinary multiple points is solved, i.e. the cohomology class of S P +i , P +i q +i , g +i 

1 < x 2 >»1 

is computed. The enumeration is done in two ways: stepwise intersection with hypersurfaces and degeneration to re- 
ducible curves. _ 

In §3.2.2 we use the method of degenerations from [Kerner06] to express the class [Eg x gJ (for S x , B> y arbitrary linear 

singularities) via [£> x p+ 1 +x p+ 1 2/ «+ 1 + y «+ 1 ] anc ^ som e necessary classes [Eg] (the classes of some strata of curves with one 
singular point of type S) . 

The strata Eg appear inevitably, they are irreducible components of the restriction to the diagonal: Eg « \x=y 
Therefore the enumerative problem is reduced to the description of such "collision of singular points". This later 
problem is very complicated in general. But it is manageable when the types S x ,S y are linear. In [Kerner07-2] we 

gave an explicit algorithm to classify the "results of collisions", i.e. the irreducible components of Eg^ | x=2/ . In fact 
the algorithm even gives the defining ideals of the corresponding strata, this is briefly recalled in §2.3.2. So, each class 

[Eg] is computable by methods of [Kerner06]. 

So, for linear singularities, the method allows to compute the class [Eg x g B U=j/]- Many numerical answers are given in 
the Appendix. As mentioned above, the results are valid for d 0. In §3.3 we give a cheap sufficient bound (in terms 
of the orders of determinacy of S^Sy), though the bound is far from being necessary. 

For small d (but big enough so that the strata Egs , Eg are irreducible, of expected dimension) the problem is 
still well defined, but our formulas are inapplicable. For each such d the enumeration should be done separately, cf. 
[Kcrner06, §5]. 

Our approach is most naive and classical. In some sense it is a brute-force calculation. Correspondingly it is of- 
ten long and cumbersome. The advantages of the method are: 

• The method gives a recursive algorithm, consisting of routine parts. 

• The computation does not assume any preliminary classification of singularities. 

• The method seems to be more effective than other approaches (to the best of our knowledge). In particular, in 
Appendix we present the results for some series of types (as compared to single, isolated results previously known) . 
Thus we can treat the question: how do the degrees of the strata depend on the invariants of the singularity types for 
some series of singularities? 

In the case of one singular point many examples suggested in [Kerncr06] that (at least for linear types) the degrees 
depend algebraically on the parameters of series (e.g. for ordinary multiple point there is a polynomial dependence on 
the multiplicity). 

One might conjecture that in the multi-singular case the dependence will be also algebraic. Unfortunately, the 
simplest case already provides a counterexample: for the two ordinary multiple points of multiplicities p+ 1, q + 1 the 
degree of the corresponding stratum depends on max(p,q) and min(p,q), cf. remark 4.4. 

• As the final result we obtain the multi-degree of the (partial) resolution of the stratum Eg x g s . (The actual degree 
is just a particular coefficient in a big polynomial.) This multi-degree contains many important numerical invariants, 
e.g. enumeration of (E> x ,S> y ) with one or two singular points restricted to some curves, or with some conditions on 
the tangents to the branches. More generally: when the parameters of the singularity (the points, the tangents) are 
restricted to a subvariety of the original parameter space. So, this solves a whole class of related enumerative problems. 

1.4. Contents of the paper. In §2 we fix the notations and recall some necessary notions. In particular, linear 
singularities are introduced in §2.2.2 and collisions of singular points are discussed in §2.3.2. In §3 we describe the 
method. First we recall in §3.1 the case of curves with one singular point. In §3.2 we discuss the case of two singular 
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points. §3.2.1 presents the direct approach: obtaining the cohomology class as the chain of intersections. §3.2.2 
presents the indirect approach: degeneration to ordinary multiple points of higher multiplicities. 

The method is applied to several particular cases in §4, illustrating the computation. Explicit formulas are given 
in Appendix, for the details of numerical computation see the attached Mathematica file [Kerner07-3] . 

2. Some relevant notions and auxiliary results 
2.1. Notations and some classical facts. 

2.1.1. Coordinates and variables. We work with various projective spaces and their subvarieties. Adopt the following 
notation. 

A curve is denoted by C C P 2 or by the defining polynomial /, the parameter space of such curves of degree d is 
|Op2(d)|. Let x G P 2 be a point in the projective plane, the homogeneous coordinates are (xq,x\,X2)- The generator 
of the cohomology ring of this P 2 is denoted by the upper-case letter X, so that H* (P 2 , Z) = Z[X]/(X 3 ). By the same 
letter we denote the class of a line in the homology of P 2 . Since it is always clear, where we speak about coordinates 
and where about (co)homology classes, no confusion arises. For example, consider the hypersurface 

(1) V = {(x,y,f)\ f(x,y) = 0} C P 2 x P 2 x \O r ,{d)\ 

Here / is a bi-homogeneous polynomial of bi-degree d Xl d y in homogeneous coordinates (xo, X\,X2) G P 2 , (yo, yi, 2/2) G P 2 . 
The coefficients of / are the homogeneous coordinates on the parameter space 1 V 2 (d) | . The cohomology class of this 
hypersurface is 

(2) [V] = d x X + d y Y + F e H 2 (F 2 X xP 2 x | O r 2 (d) | , Z) 

A (projective) line through the point x G P 2 is defined by a 1-form I (so that I G P 2 , l(x) = 0). Correspondingly the 
generator of H*(Pf) is denoted by L. 

For a variety V A |O p2 (d)| x P 2 x P 2 the pullbacks i* (X) , i* (Y) , i* (F) are constantly used. To simplify the for- 
mulas we denote the pulled back classes by the same letters (X, Y, F). This brings no confusion as the ambient space 
of intersection is always specified. 

We often work with symmetric p— forms G SymPiVs), here V3 is a 3-dimensional vector space of linear forms. 
Fix coordinates in V3, then the form is a symmetric tensor with p indices (fijf^...^). We write ^p^x^je) as a 

k 

shorthand for the tensor, multiplied k times by the point x G V3: 

(3) ClW(x_^x):= ^Li, 3 *! 

k 0<ii,...,i fc <2 

So, for example, the expression Q( p \x) is a (p — 1)— form. Unless stated otherwise, we assume the symmetric form 
fl^ to be generic (in particular non-degenerate, i.e. the corresponding curve {Q^ p \x^jc) = 0} C P 2 is smooth). 

v 

Symmetric forms occur typically as tensors of derivatives of order p in homogeneous coordinates: f( p \ Sometimes, 
to emphasize the point at which the derivatives are calculated we assign it. So, e.g. f\ x p ^ (y,...,y) means a symmetric 

k 

(p — k) form: the tensor of derivatives of order p, calculated at the point x, and multiplied k times with y. 

Sometimes we address a particular component of the tensor, e.g. (f\x'^)i 1 ...i p '■— 57— • • • g§— f\x = dh ■ ■ ■ -di P f\x- 
The Euler identity f\i (x) = J2xidif\ x = df and its consequences (e.g. f\{ p) {x...x) ~ f\ ( x p k) ) arc tacitly 

k 

assumed. 

2.1.2. Blowup along the diagonal. The diagonal A={i = i/}cfjx appears constantly. Its class is [Fulton-book, 
example 8.4.2] 



j _> ; 1 Til)" x P n 



(4) [A}=J2x n - t Y l EH 2 

For example, the proportionality condition of two symmetric forms \ x ~ \ x , for x G P 2 , is just the coincidence of 
the corresponding points in a big projective space, thus its class is given by the above type formula (with n = ( p ^ 2 ) — 1). 
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The blowup of P 2 x P 2 over the diagonal {x — y} is described nicely as the incidence variety of triples: a line 
and a pair of its points. 

(5) Bl A (P 2 x x P^) = {(x,y,l)\ xel3y}^P 2 x xP 2 y xP 2 , E A = {x = y G 1} C Bl A (P 2 x x P 2 y ) 

Lemma 2.1. • Bl A (P 2 x P^) C P 2 , x P 2 x Pf is a complete intersection, with cohomology class: [Bl A (P 2 x x P^)] = 
(L + X)(L + Y)e H 4 {P 2 X x x ff ). 

• The class of the exceptional divisor is: [E A ] = (L + X)(X 2 + XY + Y 2 ) G H 6 (P 2 X xP 2 y xP 2 ) and [E A ] = X + Y - L G 
H 2 {Bl A {P 2 x xP 2 y )). 

The two formulas for E A are related by the pushforward i*. The identity i*(X + Y ' — L) = (L + X)(X 2 + XY + Y 2 ) G 
H 6 (P 2 X x P^ x ff ) is directly verified. 

Proof. Note that E A is a transversal intersection of the two conditions (x = y and l(x) = 0). Therefore: [E A ] = 
(L + X)(X 2 + XY + Y 2 ) G H 6 (P 2 X x P 2 y x Pf ). 

To obtain the class of the exceptional divisor in the ring H*(Bl A (P 2 x xP^)) note that the hypersurface =0 
contains the exceptional divisor E A and also the residual divisor l 2 = 0. ■ 



2.2. Some notions from singularities. 

Definition 2.2. [GLS-bookl, pg.202] Let (C x ,x) C (C x ,x) and {C yi y) C (C 2 ,y) be two germs of isolated curve 
singularities. They are (locally, embedded, topologically) equivalent if there exist a local homeomorphism (C 2 ,x) i-> 
(Cy,y) mapping (C x ,x) to (C y ,y). 

The corresponding equivalence class is called the (local embedded topological) singularity type. The variety of points 
(in the parameter space \Op2(d)\), corresponding to the curves with prescribed singularity types S x ...S z is called the 
equisingular stratum Ss x ...s z . 

The singularity type can be specified by a polynomial representative of the type. Several simplest types have the 
following representatives (all the notations are from [AGLV, §1.2], we omit the moduli of analytic classification): 

/ife . X 2 + X 1 , Uk ■ X 2 Xl + X 1 , £jQk ■ X 2 -t X 1 , -C/6/c+l • X 2 + X 2 X 1 , -C/6fe+2 ■ X 2 -\- X 1 

(6) J fc >i. 4 >o : a;| + x \ x \ + x\ k+l , Z 6k _i : x\x x + xf^ 1 , Z &k : x\x x + x 2 x 2k , Z 6k+1 : x\x x + x\ k 

Xk>i,i>o ■ 4 + x\x\ + x\xf + xf+\ W 12k : x\ + x\ k+ \ W 12k+1 : x\ + x 2 x\ k+1 

For a curve defined by / = f v + / p +i + • • • G C{iei,X2} the projectivized tangent cone is the (non-reduced) scheme 
{f p = 0} G P 1 . We denote it as PT^^ — l^ 1 . . . l^ k , where {l a } are the distinct lines of the tangent cone and {p a } 
are their multiplicities, i.e. the local multiplicities of the scheme {f p — 0}. Thus in particular J2 a P a = mu lt(C)). 

Associated to the tangent cone is the tangential decomposition: (C, 0) = U(Co,,0). Here the tangent cone of each 
(Cq.,0) is just one line and T(c a ,o) ^(C^,o)) but the germs (C a ,0) can be further reducible. 

2.2.1. Newton-non- degenerate singularities. Given the representative / = J^aix 1 G C{x} of the singularity type, one 
can draw the Newton diagram Tf of the singularity. Namely, one marks the points I corresponding to non- vanishing 
monomials in /, and takes the convex hull of the sets I + R^_. The envelope of the convex hull (the chain of segments) 
is the Newton diagram. 

Definition 2.3. 

• The function is called Newton-non-degenerate with respect to its diagram if the truncation f a to every face of the 
diagram is non-degenerate (i.e. the truncated function has no singular points in the torus (C*) 2 ). 

• The curve-germ is called generalized Newton-non-degenerate if it can be brought to a Newton-non-degenerate form 
by a locally analytic transformation. 

• The singular type is called Newton-non-degenerate if it has a Newton-non-degenerate representative. 

The Newton-non-degenerate type is completely specified by the Newton diagram of (any of) its Newton-non- 
degenerate representative [Oka79] . 

In the tangent cone of the singularity Tc = {l^ 1 consider the lines appearing with the multiplicity 1. They 

correspond to smooth branches, not tangent to any other branch of the singularity. 

Definition 2.4. The branches as above are called free branches. The tangents to the non-free branches are called 
non-free tangents. 

Newton-non-degeneracy implies strong restrictions on the tangent cone: there are at most two non-free tangents. 
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Property 2.5. Let Tc — {if 1 , , l k k } be the tangent cone of the germ C = UCj. If the germ is generalized Newton- 
non-degenerate then p a > 1 for at most two tangents l a . 

Indeed, suppose (C, 0) is Ncwton-non-degenerate in some coordinates, let / = f p + f p +\ + be its locally defining 

function. The non-degeneracy means that f p has no singular points in C*, hence the statement. 

2.2.2. Linear singularities. By definition the equisingular stratum £§ is a subvariety of \Opi{d)\. Let the tangent cone 
be T^c.Q) — l Pl ■ ■ ■ l k k where l\ . . .Ik are (distinct) lines passing through x. Consider the subvariety 



(7) £ s D £sU,{U := {curves of degree d with § at x 6 P 2 and T (c ,x) = l Pl ■ ■ ■ l P k k } 

Definition 2.6. The singularity (the germ, the stratum, the type) is called linear i/EsU,-^} is a linear subspace of 
|Cp2 (d) for some (and hence for any) choice ofx,{h}. 

For example, an ordinary multiple point is linear. For a linear singularity type S an appropriate modification 
of the equisingular stratum £§ — > £§ (defined later) fibres over the auxiliary space of lines through the points 
Aux = {(x, h ■ ■ ■ h)\ Vi : x G l{\. 

Linear types are abundant by the following observation. Let (C, 0) = U Q (C Q ,0) be the tangential decomposition 
as above. Let § Q be the singularity type of (C Q , 0), note that the types §i . . . §k are completely determined by §. For 
each non-smooth (C Q ,0) choose the coordinates: one axis is tangent to the branch, the other axis is generic. Assume 
the Newton diagram T( Ca ^ is commode, i.e. intersects all the coordinate axes, and (C Q ,0) is non-degenerate in the 
chosen coordinates. For each face a of the Newton diagram let a a be the angle between the face and the coordinate 
axis X\. 

Proposition 2.7. [Kcrncr06, section 3.1] Under the assumptions as above the type § is linear iff each S Q is linear. 
And § Q is linear iff every face a of the Newton diagram T(c a ,o) has a bounded slope: 1 < |t<7(ao-)| < 2. 

Example 2.8. The simplest class of examples of linear singularities is defined by the series: f = x p + y g , p < q < 2p. 
In general, for a given series only for a few types of singularities the strata can be linear. In the low modality cases 
the linear types are: 

• Simple singularities (no moduli): A!< fe < 3 , At<fc<6, E 6 < k < 8 

• Unimodal singularities: X 9 (= X lfi ), J w (= J 2 .o), Z n < k < 13 , W 12 < k <i3 

• Bimodal: Z\$, Wi,o, Wi,i, Wn, 

Most singularity types are nonlinear. For example, if a curve has an A4 point, then the choice of one axis as the 

generic tangent brings it to the Newton diagram of A3, but with the defining function: (ax 2 + /3a; 2 ) 2 + *)x\ + 

The stratum of curves whose local defining equation begins with expansion of this type (i.e. a, j3 are not fixed) is not 
a linear subspace in 1 P 2 (d) | . 

2.2.3. Finite determinacy. The finite determinacy theorem of Tougeron (cf. [AGLV, §1.1.5] or [GLS-bookl, §1.2.2]) 
states that the topological type of the curve-germ is fixed by a finite jet of the defining series. Namely, for every type 
S, there exists k such that for all bigger n > k: ({jet n (/) = 0} has type S) implies ({/ = 0} has type S). The minimal 
such k is called: the order of determinacy (for contact equivalence). E.g. o.d.(A k ) = k + 1, o.d.(D k ) = k — 1. The 
classical theorem [GLS-bookl, thm 1.2.23] reads: if m k+1 C m 2 Jac(f) then o.d.(f) < k. 

2.3. Equisingular strata and related questions. 

2.3.1. Resolution of the singularities of closured strata. 

The following situation occurs frequently. Let Aux be a smooth, irreducible projective variety ~ — 
and the projection E ^> Aux a locally trivial fibration over the base 7r(E) C Aux, such that ^ C. ^ C. u x x I j2{ )\ 
— — ~ I \ •/ it 

7r(£) = Aux and the fibres are P" linearly embedded into | Op2 (d) \ . In particular E is irreducible 7r(E) C Aux 

and smooth. 

We want to compactify E in a smooth way, preserving the bundle structure. Start from the topological closure 
E C Aux x \0 P 2(d)\. Note that the projection £ —5- Aux is well defined (being the restriction of n) and is surjective. 

Proposition 2.9. There exists a birational morphism of smooth varieties Aux Aux with the properties: 

• It is an isomorphism over 7r(E) and a finite collection of blowups with smooth centers in Aux \ 7r(E) 

• The corresponding lifting £ C Aux x |C P 2 is a projective fibration over Aux, with fibres P™ linearly embedded 
into \O r 2(d)\. 
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In particular, £ is smooth. 

Proof. As the fibres of the projection S — > 7r(S) C Aux are linear subspaces of |Op2(d)| we have a natural morphism: 

7r(S) Gr(P™, |Op2(d)|). Hence there is a rational map: Aux > Gr(P ra , |0 P 2(d)|), whose indeterminacy locus lies 

inAux\7r(S). 

Resolve this map by a chain of blowups Aux A Aux (note Aux x \0^(d)\ D S ->EdEc Aux x |C F a 
that Aux is itself smooth), then get the diagram on the right. \ \ _ 

Now, the construction ensures that the projection S -> Aux A j UX Aux 3 

is a locally trivial fibration, whose fibres are linear subspaces / \ 

of \OMd)\- Gr(P",|O pa (d)| y 

This follows from the pull-back of the universal family on the Grassmanian. In more detail, let pt G Aux \ 7r(E). 
Let (D,pt) C Aux be the germ of a smooth curve such that D \ {pt} C 7r(S). The fibration over £> \ {pt} is locally 
trivial and extends (e.g. by the topological closure in the Grassmanian) to a locally trivial fibration over D. 

Hence the fibre of S — > Aux over pt contains a linear subspace L pt D « P™ C |0p2(rf)|. But, this linear subspace 
does not depend on the curve D, it is determined just by the point of the Grassmanian, the image of {pt}. Hence, by 
taking all the possible curves at pt G Aux we get: all the fibres are linear subspace of |Op2(d)| of constant dimension. 
Hence the statement. ■ 

Note that the theorem is completely general. In practice it is quite hard to realize the resolved base space Aux as 
some nice variety with a simple presentation of the (co)homology ring, explicit generators, etc. 

2.3.2. Flat limits and the decomposition of £s x s H \ x=y into irreducible components. The following question occurs fre- 
quently. Given the singularity types § x S> y find the defining equations of the equisingular stratum £g x S y (x,y, . . .) near 

the diagonal x = y. And then describe the decomposition of Es x § H \ x=y into irreducible components and find their 
defining ideals and multiplicities. We call this process: collision. 

In general this collision/adjacency problem is very complicated. It is manageable in the case of linear singularity 

types, because the equations of £§ x (x, . . . ), Sg B (y . ..) are known (and hence the equations of £§ x s B away from the 
diagonal). To obtain the needed set of equations one expands y = x + ev where v G I = xy, and considers the ideal 
(Ig x (x, ...),/§ (x + ev, ... )). Now one should take the flat limit as e — > 0, a well known operation in commutative 
algebra (cf. for example [Eisenbud-book, chapter XV]). 

From the computational point of view one does the following. Start from the ideal (Ig x (x, . . . ), Ig (x + ev,...)), 
where in Ig y (x + ev, . . . ) all the equations are series in e. If for a member of this ideal the expansion in e has no 
"constant" term, of O'th order in e, divide it by the maximal possible power of e and add this normalized version to 
the ideal. After several such iterations the process stabilizes, i.e. no non-trivial syzygies remain. So, we have obtained 

the defining ideal of S§ x § H near the diagonal. Then the ideal of the restriction S§ x s !) \ x=y is obtained by putting e = 
in all the equations, i.e. constructing / ® O x=y = I / (e). 

This process is described in details in [Kcrner07-2, §3.1] where many examples are considered. 

2.3.3. Collision with an ordinary multiple point is the basic and most important case. Let § y denote the singularity 
type of an ordinary multiple point. Assume mult(S x ) = p + 1 > mult(S y ) = q + 1 and the collision is generic, i.e. the 
curve / = xy is not tangent to any of the non-free branches of S> x , sec definition 2.4. 

We should translate the conditions at the point y to conditions at x. Outside the diagonal x = y the stratum is 

defined by the set of conditions corresponding to £§ x , and by the condition f\ y 9 ^ = 0. The later is the (symmetric) 
form of derivatives of order q, calculated at the point y (in homogeneous coordinates). In the neighborhood of x 
expand y = x + ev, here e is small and v is the direction along the line I = xy. 

To take the flat limit, expand f\ y 9 ^ around x, we get = f\ y q ^ — f\ x q ^ H h (Jz^jt / 1 {v_^v) + First several 

p-q 

terms in the expansion vanish, up to the multiplicity of S x . Normalize by the common factor of e to get the power 
series: 

1 e e 2 

(8) f \ {p+1) (v ...v) + f \ (p+2) (v ...v) + f \ {p+3) (v ...v) + ... 

{ > {p-q + l)\ Ux y ^^> {p-q + 2)V nx ( ^^> {p-q + i)\ Ux { ^^> ^ 

p+l—q -p+2-q P+3-q 

There are i 9 ^ 2 ) series here. To take the fiat limit, we should find all the syzygies between these series and the equations 
for E§ x . First we find the "internal" syzygies among the series themselves. 
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Lemma 2.10. • The standard basis, obtained by considering all the syzygies of the equation (8), is (with numerical 
coefficients omitted): 



f$ +1 \v_^v) + ef\ x p+2 \v_^v) + e*f\ x p+3 \v^)+e*f\ x p+4 \v^v)+ . . . 

p+l-q p+2-q p+3-q p+4-q 

+ f\i P+2 \v_^v) + ef\ ( r 3) (v_^v) Wf\ x P+i \v_^v) + . . . 

(Q\ P+3-q p+4-q p+5-q 

{1 + + f\i P+3 \v_^v) + ef\ x p+i \v_^v) + . . . 

p+5-q p+6-q 

+ + + .... + f\ x p+q+1 \v_^v)+ . . . 

p+q+l 

• If the singularity S x is an ordinary multiple point (x p+1 + x p+1 , with p > q) then the series as above define the 

stratum E§ x s B (x,y,/) C Auxx 1 P 2(d) \ near the diagonal {x = y} . Here Aux = {(x, y, l)\x e I 3 y} C f x x P y x Pf . In 

particular, the restriction Eg^S (x, y, l)\ x =y is & n irreducible variety, whose generic point corresponds to the singularity 
type of {x p ~ q + x P T q )(x\ +1 + x 2 2 q+2 ) with l-the tangent line to {x\ +l + xl q+2 ). 

Note that all the series are linear in function/its derivatives in accordance with proposition 2.9. In several simplest 
cases we have: Ai + A^A 3 , D 4 + ^4i-kD 6 , X 9 + Ai-tXi t 2, D 4 + D 4 -^J W , X 9 + D 4 -^Zi 3 . 

Proof. • The syzygies are obtained as a consequence of the Euler identity for homogeneous polynomial ^ xidif = deg(/)/. 
By successive contraction of the series of equation (8) and omitting f^\ x for j < p with x, we get the series 



(10) 



— W/li p+1) 0---f) 

p — q+i)! J lx 

p+l — q 

._ c ifp+11 , 

(p-9+2)! 



(rf-p-2) f|(p+ 1 )c, 



(p-9+2)! J lx 

p + 2-q 

._cl(v + 2) 

(p-S+3)! 



p + 2-q 



P + 3-q 



^z ¥ ^1/|(p+»)^j) + ... 

P + 4 — q 



,9+1, 



(P+1)! 



'/li 



■ V) + 



<n?; 2 1 ( £ i-P-i-«) /| ( P+2 ) ( 



(P+2)! 



■ v) + 



(P+3)! 



P+3 



Here the first row is the initial series, the second is obtained by contraction with x once, the p + 2'th row is obtained 
by contracting (p + 1) times with x. 

Apply now the Gaussian elimination, to bring this system to the upper triangular form. 

* Eliminate from the first column all the entries of the rows 2 . . . (p + 2). For this contract the first row necessary 
number of times with v (fix the numerical coefficient) and subtract. 

* Eliminate from the second column all the entries of the rows 3 . . . (p + 2). 

* . . . . 

Normalize the rows (i.e. divide by the necessary power of e). 

In this way we get the "upper triangular" system of series in eq. (9) (we omit the numerical coefficients). It remains 
to check that there are no more "internal" syzygies. This is proved in the second part. 



• Suppose §a; is an ordinary multiple point. First we should check that the upper triangular system, obtained 
above, has no more syzygies. Alternatively, that it generates a prime ideal. This can be done directly (by methods of 

commutative algebra). However in our case a simpler way is to check the dimension of the restriction Ss x § !) \ x=y and 
to compare it to the dimension obtained from (9). 

Note that dim(Aux) = 4 and £§ x s B is irreducible. Hence the fibre over the generic point (a;, y, I) has dimension 

dim(Ss x g H ) — 4. For the diagonal: dim{(x, y, l)\x = y 6 1} = 3. Therefore 

(11) dim(S Sx s B |x= w ) > (dim(S SxS J - 4) + 3 = dim(S Sx§y ) - 1 

On the other hand, by the irrcducibility of £§ x s B one has: dim(£s x s„ \ x = y ) < dim(E§ x § !/ ) — 1. Thus we get the 
dimension of £§ x s H \ x=y and of its fibre over the generic point {x ~ y e I}. 
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Now check the scheme defined by equation (9). Take the limit e — > (i.e. omit the higher order terms in each row): 
(12) /|W = 0, /|(f +1 )(^3) = 0, f\^ 2 \v_^v) = 0, f\^ +3) (v_^v) = .. • J\^ +q+1) (v_^v) = 

p+l-q P+3-q p+5— q p+q+1 

Observe that the system is linear in /. For a fixed x, v, e.g. x = (0, 0, 1), v = (0, 1, 0), each 
equation is vanishing of some directional derivatives, and they are linearly independent. p+1 
Hence the fibres over (x, v) are linear spaces of constant dimension and the variety is 
irreducible. 

As each condition means the absence of some monomials in the expansion of /, the 
Newton diagram is easily constructed. Now the co-dimension of the fibre over {x — y e /} 
can be computed e.g. as the number of Z> points strictly below the Newton diagram. 

For the dimension one gets precisely dim(Eg x g H ) — 4, i.e. the expected dimension. This proves that the system in (9) 

defines an irreducible variety: the stratum £g x g B near the diagonal. 

Finally, from the last set of equations or from the Newton diagram wc get: the restriction Xg x g v \ x=y is irreducible. It 

is the equisingular stratum Eg for the singularity type obtained from the Newton diagram. Since all the slopes of the 
diagram lie in the segment [i, 2] the singularity type is linear. 

For some fixed x, I the generic point of Eg x g y \ x=y corresponds to the generic function with the given Newton diagram, 
i.e. (with some numerical coefficients) / = x p+1 + ■ ■ ■ + x q+1 x p 9 + ■ ■ - + x p+q+2 + higher order terms. By genericity / is 
non-degenerate with respect to its diagram, hence the singularity is the union of (p — q) non-tangent smooth branches 
and (q + 1) smooth branches with pairwise tangency 2, i.e. has the singularity type of (x p ~ q + x p ,~ q )(x q+1 + x 2 ? +2 ). ■ 

In the more general case, when E> x is not an ordinary multiple point, the generators of /(Sg x ) should be added and 
one checks again for the possible syzygies. 

2.3.4. Tangency of the degenerating hypersurface and the diagonal. Each step of the method is the intersection EiHV = 
£ 2 Ui? c |<9p2(e?)| x Aux. Here the ideal /(Si) is assumed to be known, V is a hypersurface (with the known equation), 
R is usually non-reduced, the multiplicities of its components are the degrees of tangency of V and £i near the diagonal. 

The multiplicities of R are computed in a standard way. The primary decomposition of the ideal (7(Si), I(V)) 
consists of 1(^2) and some ideals of schemes over the diagonal x — y. These ideals give the multiplicities. 

As an example, consider the degeneration of Sg x g B by increasing the local degree of intersection of the curve and 
the line I = x at x <G V x . For the generic curve in the original stratum this degree is just the multiplicity of S> x : (p+1). 
Hence the degenerating hypersurface is V — {(/|i P+1 ^)(w, •■•,«) =0}. We assume that v does not belong to the lines 

P+i 

of the tangent cone at x, i.e. I ^ l x . Let Sg x 'g !J be the degenerated stratum. 

Lemma 2.11. Suppose §> X7 §> y are ordinary multiple points of multiplicities p+1 > q + 1. The multiplicity of the 
residual piece is q + 1, i.e. [Sg x gJ x [V] = [Sg x 'gJ + (q + l)[R r educed] 

Proof. The locally defining (prime) ideal of Eg § near the diagonal x — y is obtained in §2.3.3: 
(13) 

/|<T>=0, /|^ +1 )(^3) + --- = 0, f\£+ 2 \v_^v) + --- = 0, f\i^(v_^v) + --- = ...J\^Hv_^v) + ---=0 

p+1— q P+3-q p+5-q p+l+<? 

Add the hypersurface equation {/|i P+1 ' (v^ji) = 0} to this system of generators, decompose the so obtained ideal 

p+i 

into primary components and find the resulting multiplicity. So, contract the first series q times with v, the second 
series (q — 1) times with v etc.: 

f\i p+1 \v_^v) + e^f\ { r q+2 \v_^v) ■ ■ • = 0, f\i p+2 \v_^v) + £ ^+ 2 /|i P+9+2) («_. 3) • • • = 0, 

f-| 4 \ P+1 p+q+2 p+2 

1 ] f\i p+3 \v_^v) + eV+^f\^ +9+2 \v_^v) ■ ■ ■ = . . . , f\ { I +9+1 \v_^v) + ■■■- 

p+3 p+q+2 p+q+1 

Together with f\ x p+1 \v^yv) = the first equation becomes: e q+1 f\i P+q+2 \v^v) • • • = 0. 

p+1 p+q+2 
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So the ideal has two components: (e' +1 , f\ (p+1) (v_^v) ,f\ { x P+2) (v_^_u), f\i P+q+1 \v_^v)) and 

p+l p+2 p+q+1 

(f\i P+1 \v_^v), f\ x p+2 \v_^v) + e^+\f\ x p+q+2 \v_^v) 
(it.\ P+l P+2 P+g+2 

1 ' f\ x p+3 \v_^v) + ev+^f\{ p+q+2 \v_^v) , f\ x p+q+1 \v_^v) + ..., f\ x p+q+2 \v_^v) + . . .) 

P+3 p+g+2 p+q+1 p+q+2 

(In addition to these, the ideal contains also the equations of £§ x s B near the diagonal.) 

The first component is supported on the diagonal and is of multiplicity q + 1, corresponding to the residual piece. 

The second corresponds to Ss x 's w - • 

3. The method 

First we recall the case of curves with one singular point and state the necessary results. Then we consider the case 
of two singular points and discuss additional complications. 
Recall some conventions. 

• We work with many liftings, i.e. embeddings of £** into some multi-projective spaces. To avoid messy notations (like 

E) we denote by E any lifting. This causes no confusion, as we always specify the embedding (e.g. E C \Op2(d) \ x Aux) 
or the associated parameters, e.g. E(x, y,l, . . .). 

• We always work with integral cohomology H*(V n ) = ff*(P n ,Z) = 1\t]/t n+1 or with integral homology. 

• As was said above, once the cohomology class [E§] E H*{\0-pi{d)\ x Aux, Z) is computed, the needed degree is 
obtained by Gysin homomorphism, corresponding to the projection Aux x C F 2 (<i) | — > \G V 2(d)\ (i.e. extraction of a 
particular coefficient). If the projection E§ -+ E§ is a covering, one should also divide by the order of the symmetry 

group of branches. Therefore, in the following we are interested in the cohomology classes of the lifted strata [E^gJ. 

• Below we consider mostly linear singularities, for the definition and properties cf.§2.2.2. 

3.1. Equisingular strata of curves with one singular point. Here we summarize briefly some results of [Kerner06]. 
The equisingular strata are resolved by lifting to a bigger ambient space. The lifted strata can be defined by some 
simple explicit conditions. 

3.1.1. The case of an ordinary multiple point. The ordinary multiple point (S = x p+1 + x p+1 ) is the simplest case (cf. 
[Kcrner06, §2.3]). The first lifting (tracing the singular point) is already a smooth, globally complete intersection: 

(16) E s (x) - {(x,/)| f\ x p) = 0} c Fl x \0 P 2(d)\ 

Here /|i P ' ) is the tensor of all the partial derivatives of order p in homogeneous coordinates, calculated at the point 
x. This precisely encodes vanishing of the function and of all the derivatives up to order p in local coordinates, i.e. 
the conditions of an ordinary multiple point. The transversality of the defining conditions can be easily seen. For 
example, fix some point x, then the conditions are linear, so the transversality is equivalent to linear independence. 

Thus in this case the (co)homology class [E§(x)] is just the product of the (co)homology classes of the defining 
hypersurfaces: 

— / \ ( p+2 ) 

(17) [E s (x)] - [F+{d-p)xy 2 e H*(P 2 X x \O r2 (d)\,Z) 

The class of [£§] is obtained by Gysin projection, which in this case means: to extract the coefficient of X 2 . Hence 

[S S ] = {^p)(d-pfF^ 2 )- 2 €H*(\<D F 2(d)\,Z). 

3.1.2. The general linear singularity. In general, let § be a linear singularity type with the tangent cone T§ = l Pl . . . l Pk . 
Here p — J^Pi i s tne multiplicity. Consider the corresponding incidence variety, i.e. liftSg to a bigger ambient space: 

(18) E s (x, h... l k ) := {(x, h... l k , f)\ C = /"HO) c has the singularity of type S at x with T (c>x) = l{ 1 . . . l Pk } 
The embeddings and projections of the varieties are given on the diagram. Here g ^_ g ^ |0 2 (d)| x Aux 

(19) Au X = {(x,h...lk)\yixGl i }c¥ 2 x x¥lx---x¥l \ J ; 
is the auxiliary incidence variety of lines through the points. 

Assume that the parts of the tangential decomposition of § (cf.§2.2) have distinct singularity types and are ordered. 



On the enumeration of complex plane curves with two singular points 



11 



Then for a given (C, 0) the point (x, l\ . . . Ik, C) G Eg is unique. Then the projection Eg — > Eg is an isomorphism and 
hence Eg — > Eg is birational. If the singularity types for some of the parts coincide (e.g. for an ordinary multiple 
point) then Eg — > Eg is an un-ramified covering. 

As the type S is linear, the fibres of the projection Eg(x, l\ . . . Ik) — > Aux are linear subspaces of 0p2(c?)|. The 

cohomology class [Eg] G H * ( | O v i (d) | x Aux,Z) can be computed as follows. 

Let {/ = 0} = (C, x) C (C 2 , 0) be the (generic) curve-germ of the type S. Several initial jets of / are divisible by 
the one- form U: 

(20) jeV^U = 0, jet p (/)U = if x (. . . .), jet p+1 (/)| x = Z? ^ x (....),... . jet p+ni (f)\ x =kx(... .), 

To obtain this, choose the tangent line k as one of the coordinate axes, the other axis is chosen generically. 
These conditions can be written globally in Aux as: 

(21) f<"-%=0, f^\ x ~SYM{l?,A p _ Pi ), .... /(P+"<>U~SyM(Z? i ,,4 p+ni _ 1 ) 

Here Aj are some auxiliary symmetric tensors (of rank j) and SYM means the symmetrization. Do the same for all 
the tangent lines to get the collection of conditions: 

(22) / (p - 1) U=0, fW\ x ~SYM(l?,....,F k >), .... f {p+n) \ x ~ SYM{l r l\...,ll k ,A p+n - ni n J 

Now use the Euler identity \ x (x) ~ f^ N ~^\ x and its consequences to present these conditions in the form: 

j(p+ ) | x ~ SYM{1^ 1 , . . . , l k k , Ap_|_„_ ni nk ), A p + n - m „ fc (x) ~ SYM{1 1 1 , . . . , l k k , j4 p+ii _^ rn— J£ m.)i • • • •> ^-<?( x ) = 

Now observe that distinct proportionality conditions are obviously mutually transversal. For example / appears in 
the first proportionality only, A p+n _ ni „ fc only in the first and in the second etc. 

Theorem 3.1. [Kerner06, §3] Let Eg(x, {h}, {Aj}) be the lifted stratum, defined by the equation (23). Then £g(x, {k}, {Aj}) - 
Aux is the (smooth) projective bundle over the auxiliary incidence variety Aux of points, lines {k} and symmetric 
tensors {-A,,}. The fibres are linear subspaces of \Op2(d)\. The cohomology class of the lifted stratum is the product 
of the cohomology classes 

[%(x,{k},{Aj})} = \f^\ x ~SYM(l^,...,q k ,A p+n _ ni _..._ nk ) x 

( 24 ) r 1 11' 

Ap+n-nx n k (x) ^ SYM^ 1 , . . . ,l k h , A p+n _j2m-J2 m i) x ' ,,x A q (x) = 

The projection Eg(x, {k}, {Aj}) — > E§(x, {Z^}) -4 Eg is isomorphism (or unramified cover if some tangential compo- 
nents are equisingular) . 

Note that each of the conditions is proportionality of two tensors, i.e. coincidence of two points in some big 
projective space. Correspondingly its cohomology class is readily written, from §2.1.2. 

Example 3.2. Let § be the type of k pairwise non-tangent branches, each of the cuspidal type x\ a + x^ a+1 . For 
example, a representative of this type can be chosen as: / = Yl^a* + /p+i where f p+ i is generic, and {l a } are some 
distinct linear forms. Then Tg = l^ 1 . . . l v k and any other germ g = g p + g p+ i + . . . with the same tangent cone and 
generic g p+ \ is of this type. Hence the lifted stratum is 

(25) %(x, h...l k ) = {(x,h... h,f)\ / (p) ~ SYM(l Pl . . . If ), Va x G l a ) C Aux x \O p2 (d)\ 
Aux = {(x, h ■ ■ ■ h)\ Va : x G l a } C P 2 x x • • • x Pf k 

Thus the cohomology class of the lifted stratum is: 

fe Ct 2 )- 1 

(26) [Z s (x,h...l k )] = f[(X + L a ) J2 (F+(d-p)X)( P ^)- 1 -^J2p a L a y 

a=0 j=0 

The class of the original stratum [Eg] is obtained by extracting the coefficient of X 2 L\ . . . L\. The numerical formula 
is given in Appendix. If some of p a coincide one should also divide by the corresponding symmetry factor. 
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3.1.3. Some degenerating divisors in the stratum Y,§(x,l). 

We need the class of a specific divisor in Eg. Suppose the generic curve of the type § can be 
brought, in local coordinates, to some fixed Newton diagram T. Let (p, q) e T be a particular 
vertex, i.e. a point of Z> n T, not in the interior of an edge of T. Erase this vertex, let 
T' = ConviT \ (p,q)) be the obtained diagram. Consider the substratum E2 C Si = Eg p 
parameterizing of all the curves that can be brought to the diagram T' . Assume E 2 ^ Si so 
that this is a genuine degeneration. As d is high £2 is a hypersurface in Si. Its cohomology 
class can be computed as follows. 

Lemma 3.3. [Kerner06, section A. 1.2] The classes satisfy: 

(27) $ 2 (x,l)](F+(d-p-2q)X + (q-p)L) = [%(x,l)} e ff*(^xP^ x \O p2 (d)\) 

In particular, the class of S 2 (x, /) in Ei(x, I) is the pull-back: i*(F) + (d - p - 2q)i*(X) + (q - p)i*(L). 
Proof. Let I be the tangent line corresponding to the x\ axis. We need to consider an additional point v e I with 
Correspondingly lift the strata to a bigger auxiliary space x x x |C P 2(d)| as follows: 

(28) T,j{x,v,l) := {(x,v,l,f)\ {x,l,f) e Zj{x,l), v e 1} 

For the cohomology classes one has: [Sj(x, v, I)} — [Sj(x, I)] x [w 6 !]. 

Observe that the line I is spanned by x, v, provided x ^ v. Hence the degenerating condition, erasing the vertex 
(p, q), is: the directional derivative vanishes \ x (v^j/)q _ q = 0. Here we take a particular component of the 

tensor. Alternatively we could consider f( p+q ^\ x (v^v / v_^_v) — for some fixed generic vector v. 

q p 

This condition is transversal to the stratum T,j(x,v,l) provided: and the point (1,0,0) does not lie on the 

line i.e. Iq ^ 0. 

Thus for the cohomology classes: 

(29) [S 2 (a;,0]x ( [« e I] {[f ip+g) \ x (v_^v) . . . = 0] - [I* = 0]) - multiplicity x [x = v] \ = [Ei(z, I)] x [v e /] 

^ q ^ p ' ' 

Here the diagonal [x — v] is subtracted with some multiplicity, corresponding to the tangency of the degeneration. 
The multiplicity can be computed directly, but it is easier to obtain as follows. Note that the point v moves freely 
along the line I, i.e. all the participating varieties are fibrations with the fibre P*. Hence in the cohomology classes all 
the terms quadratic in V must cancel. This fixes the multiplicity uniquely: mult = q. 
Finally, substitute to the formula the expressions for the classes 

(30) [vGl]=V + L, [x = v] = X 2 + XV + V 2 , [f( p+ ^\ x (v_^v) _ _Q=0]=F+(d-p-q)X + qV 

From the obtained equation extract the part proportional to V, this corresponds to the projection P 2 X x Pi X Pf X 
|C P 2 (d) -jPjXP^x |0p2(d)|. Then one gets the equation of the lemma. ■ 



3.1.4. Killing tangent cone. A particular kind of degeneration that happens to be especially useful is: to increase the 
multiplicity of § by one. Given a singularity type § of multiplicity p, let Si C Eg be the subvariety of curves with 
multiplicity at least p + 1. In general Si is reducible and does not correspond to a specific singularity type. For 
example Eb 6 UEd 6 C S^. If § is a linear type, Ei is much more restricted. 

Definition-Proposition 3.4. If § is linear then the subvariety as above, Si C Eg, is an irreducible equisingular 
stratum of a unique linear type §'. The degeneration §— >§' is called: killing the tangent cone. 

Proof. Consider the defining ideal of the lifted stratum E§ as in equation (23). By definition the ideal of Si is 

obtained by adding to the equations of E§ the equations f^lx = 0. 

This bigger set of equations is still linear in the coefficients of / and the ideal is obviously prime. Hence the generic 
point of Si is well defined its singularity type too. From the defining set of equations we get that §' is a linear type. 
■ 

The cohomology class of the degeneration is given by: 
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Lemma 3.5. Let T§ = l pi . . . k p k k be the tangent cone. For the lifting E s (x, {h}), the subvariety E§/ C Eg is a divisor 
and its cohomology class is: 

(31) [%(x,{l i })]( y F+(d-p)X-J2Pi^) =[%>(x,{k})}€H*(Auxx\O r2 (d)\) 

In the paper we denote this divisor by killTg. 
Proof. Intersect the lifted stratum with the hypersurface {(/laf^o ~ 0}- This means that the particular entry of 

p 

the tensor of derivatives vanishes. (Alternatively, one could take any collection of fixed vectors {vi} {(f\x'^){v i v p ) — 

0}.) 

Outside the locus (If 1 . . . lf: r )o...o = this kills the tangent cone. Therefore we get the equation for the cohomology 
classes: 

(32) [%(x,{k})]([(f\ { J ,) )o...o = 0] - [(if...lf)o...o = 0]) = [%(x,{k})] 
which proves the statement. ■ 

3.1.5. Rectifying the branch. This degeneration is useful in the degeneration of the curve to a reducible one (chipping 
off a line) . 

Consider a singular germ (C, 0) with / one of the lines of the tangent cone. The goal is to 
increase the degree of the intersection: dcg(C fl 1, 0) = k to (k + 1). To do this, choose I as 
one of the coordinate axes, cf. the Newton diagram. k 

So, the degeneration is: the monomial x\ should be absent. The corresponding cohomology class is given in §3.1.3, 
in our case it is: F + (d — 2k)X + kL. 

3.1.6. Another way to compute the class [Eg]. Using the class of the degenerating divisors we can compute the class 

[Eg] in another way: by a chain of intersections with hypersurfaces. 

Let p = mult(S) and Tg = If 1 . . . l p k k . Let x ^ v a G l a be some points on the lines. Then the defining conditions 

(23) can be formulated as vanishing of particular entries of the derivative-tensors: j/^^ . . . Vi n ) = j, each means 

the absence of a particular monomial corresponding to some point on the Newton diagram. Then the class [Eg] is 
obtained as the product of the classes of these divisors. 

Example 3.6. Consider the cusp § — x p x + x p+1 . Locally a curve-germ with such a singularity satisfies (we assume 
the Xi axis to be the tangent line): 

(33) jet p _J = 0, dlf = 0, 8%-%/ = 0, ... .d^ 1 f = 

So the stratum is obtained from the stratum of curves with an ordinary multiple point (defined by /' p_1 '| x = 0) by 
intersection with p degenerating hypersurface. The cohomology class of each such hypersurface is given in proposition 
3.3. In total we have: 

— 

(34) [S s (x, /)] = (F + (d - p + l)xf^) Yl (F + (d + i - 2p)X + (p - 2i)L) 

i=0 

3.2. Equisingular strata of curves with two singular points. 

Assume mult(S x ) > mult (§,,). As in the case of one singular point, start 

from the lifting Eg x s C |Op2(d)| x Aux§ x x Aux§ . To simplify the ~ — 

computation it is often useful to lift further (Es^ C \0 P 2(d)\ x Aux), C S ^ s » C Pv*{d)\x Aux 

taking into account various parameters relating the two singular points, „ — 

for example the line I — xy. If the types § x ,§ y arc distinct and the s s*§« c s SxS H C \0 P 2(d)\ x Aux x Aux Sy 
types of tangential components of Sa; are distinct (and the same for§ y ) I _4- I 
then the projection |Op2(d)| x Aux -> \0 V 2(d)\ restricts to the birational ^s^Sy C E Sx s H C 

morphism Eg^ ->■ Eg^s,, ■ 

Example 3.7. In the simplest case of two ordinary multiple points there is only one (natural) additional parameter: 
the line / = xy. Note that for the generic configuration of the singularities (i.e. i / j) the line is already fixed, 
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while for x = y the line varies in a pencil. Therefore this additional lifting is the embedded blow-up over the diagonal 
{x = y} C F 2 X x p2. Explicitly, let = + x p 2 +l , § y = y\ +1 + y q 2 +1 with p > q, then the lifting is defined by: 



(35) Z$„S y (x,V,l) = { { *fy f) I = = f\y q \ !=w}cAuxx \O r ,(d)\, 

Aux := {(x,y,l)\ x E I 3 y} C P 2 X x P 2 y x Pf 

Outside the diagonal {x — y}, the vanishing of the derivatives is precisely the condition of ordinary multiple points. 
The fibres over the diagonal correspond to the singularity obtained by "collision" of the two ordinary multiple points, 
the defining equations and the singularity type are obtained by the flat limit of the equations f\ x p ^ = = f\ y q \ 
cf.§2.3.3. 

3.2.1. The direct approach: Stepwise intersection with hyper surf aces. For linear type S the defining ideal and the 
cohomology class of £§ were given in §3.1. The stratum of curves with two singularities is the closure: Sg x H £§ . 

x^ty 

The naive intersection results in a non-pure dimensional scheme: 

(36) S Sx nS SH = £ Sx§y UR x = y 

Here the "residual piece" (the contribution from the diagonal) R x=y is typically non- reduced and of dimension higher 
than that of the needed stratum. 

A way to repair this situation is to split the intersection into a step-by-step procedure of intersection with hyper- 
surfaces (cf. [Stiickrad-Vogel82] , [van Gastel 89]). Start from E§ x whose class is known. 

Let Sg x C |Op2(d)| x Aux x be the lifting as described above. Corresponding to the lifting £s x s„ C \0 P 2(d)\ x Aux 

—:./;) — 

of the diagram above and the projection n, define £§ := 7r (Es.,. x AuXj,) C |Op2(c?)| x Aux. For linear, the 

^ _ My) . 

stratum X§ x is smooth and by the properties of n: E s is smooth too. 

The cohomology class [£§ ] G _ff*(Aux x |0 P 2(c/)|) is just the pull-back of [Sg x ]. Consider the stratum E§ x § as a 

- Mv) x ... ~ ~(») 

subvariety: Sg x § cS s C |0p2(d)| x Aux. Correspondingly, it is enough to calculate its class: [S§ x § ] e H*(T, S , Z). 

My) 

The resulting class in H* (\0-p2 (d)\ x Aux, Z) is then obtained by the pushforward. So, £§ is the starting point and 

we reach the stratum £§ x s B by successive intersections as follows. 

As was explained in §3.1.6 the stratum Y<§ y can be obtained as a chain of degenerations: £§ B = E& C Efc-i C . . . C 

S = \Op2(d)\ x Auxy. Here at each step T,j is a divisor in £j_i, whose class is known. Take the total preimages of 

My) 

this chain in \0 P 2(d)\ x Aux, denote them by the same letters. Intersect £ §x with these subvarieties one-by-one. 

( n 7 \ n £ x = s SxSl u R 1 , s SxSj n s,- +1 = £§ x§3+1 u R j+ i, 

^s x s H £ s s x s fc _i S s SxS fc -2 £ • • • £ s s*si £ Eg* 



Here S§ x g is the needed piece (defined as the closure: S§ x s n Sj+i). Its dimension drops precisely by one with 

x^y 

each intersection. Rj is the residual piece produced at the j'th step (it contains all the non-enumerative contributions). 

Proposition 3.8. • Each intersection S§ x § j f~1 Xj+i results in a pure dimensional scheme £§ x s J+1 U Rj+i- 

My) . +1 ■= 

• For linear types S x E> y , the scheme £§ x P\ i=1 £j is irreducible and reduced. 

x^y 

The residual piece Rj+i is typically reducible and non-reduced. 



Proof. • Note that the initial variety is irreducible, thus each components of the resulting union fl| =1 S, n Hj+i 

is of (strictly) smaller dimension. Conversely, the dimension of each component cannot drop by more than one (since 
the intersection is with a hypersurface and the ambient space is irreducible). 

• Note that the defining equations of both E Sx flj =1 £j and Sj+i arc linear in / (i.e. in the coordinates of |Op2(d)|). 

x^y 
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Thus the contribution of the residual piece can be subtracted: [E ]= [E j ~ ][Ej + i] — [i?j+i] (with multiplic- 

ities for Rj+i). By repeating this procedure we calculate the needed class [Eg x sJ. 

Therefore the enumerative problem is reduced to geometry of the residual pieces and their multiplicities. This method 
is applied to the case of two ordinary multiple points in §4.1. Explicit numerical results are given in the theorem 4.2, 
corollary 4.3 and in the Appendix A. 

3.2.2. Degenerations to higher singularities. Let S X S X be two adjacent singularity types, i.e. Eg x < C E§ x C |C>p2 (<i) | . 

Let Degen C \0^{d)\ x Aux^ be a (reduced) "degenerating cycle" such that Degen l~l Eg x = E§ x ' (at least set 
theoretically). These degenerating cycles and their cohomology classes are described in §3.1.3. Then for the cohomology 

classes we have (with some multiplicities): [E§ x ] [Degen] ~ [E§ x <] G H*(\Op2(d)\ x Aux). The multiplicity here is the 

local degree of intersection of Degen with E§ x . 

This equation allows to calculate [E§ x '] in terms of [E§J. The key observation is that such a degeneration is always 

" invcrtiblc" : the above equation has unique solution for [E§ x ] in terms of [E§ x <] and [Degen]. This happens because 
the class [Degen] contains a monomial: a power of the generator of H*(\0 P 2(d)\, Z). And d is arbitrary high, so this 
monomial is not a zero divisor when multiplying bounded classes, i.e. lying in (B^ =0 H l {[O V 2{d)\) for k <C dim |C P 2((i)| 
(cf. [Kerner06, §2.2]). 

Using this, we can degenerate to some higher singularity types for which the classes are known. In §4.1.2 we degenerate 
a curve with two ordinary multiple points to a reducible curve, with the line through the points as a component. Once 
the cohomology class of E ~+i , »+i »+i , »+i is obtained, we can continue to other singularities, degenerating them 
to a pair of ordinary multiple points. 

A suitable degeneration is by increasing the multiplicity of S x or S y . For the original stratum E§ x s H C |0 P 2(d)| 
such degeneration is usually of high codimension. To turn this into a degeneration in codimension 1, i.e. intersection 

by a hypersurface, consider the lifting that traces all the lines of the tangent cone: T,§ x § y (x, y, I, {l Xt i}, {l y ,j})- Then 
the degeneration is done by intersection with killTg divisor from §3.1.4. 

Hence the algorithm consists of several steps: each time increasing the multiplicity of § x or S y . At each step the 
variety is intersected by the degenerating hypersurface, the result is reducible: 

(38) E SxSh n killT Sx = E SxX U R x=y or E Sx§! , n killT^ = E SxV U R x=y , 

Corollary 3.9. Let S X S V be linear types. The degeneration approach reduces the enumerative problem to under- 
standing the irreducible components of Eg^Jj^j,. 

Proof. First note that each step gives an equation (in the cohomology ring of the ambient space Aux x |0 P 2(<i)|) 
from which the class of S§ x s !( is restored in terms of the classes of E§^s B , killT§ x (or Es x s^, killT§ y ), R x=v . 

Indeed, the resulting variety E§^s B U R x=y is pure dimensional. The class of kiHT§ x is given in §3.1.4. The residual 

pieces R x=v are (as sets) unions of the equisingular strata E§, where S's are the results of collision 2.3.2. In other 

words: Eg^J^j, = UE§. The way to compute the multiplicities of the decomposition [Eg^ \x=y\ — X) TO *PsJ i s 
explained in §2.3.4. 

Finally, after a finite number of steps the algorithm stops. This statement is immediate since e.g. one can reach an 
ordinary multiple point in a finite number of steps. In fact, by killing the tangent cone, cf. §3.1.4 one can do this in 
less than o.d.(S) — mult(§) steps. I 

Examples of the degenerations are in §4.2. Below we discuss the relevant components of Sg^J^y contributing to 
residual pieces. 

3.2.3. Residual pieces for the degeneration E§ x § H — > E§ x '§ b . Assume Si xi 8> y are linear types and mult(S 2 .) > mult(§j,). 

Let kilir§ x denote the "killing tangent cone" divisor (as in lemma 3.5), so that Eg x n kill7§ x = E Sx '. For the case of 
two singular points: 

(39) E SxSh n killT Sx = E SxX U (e^s,, \ x=y n killT Sx ) 
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Let E§ x § y \x=y — UjSj be the decomposition into irreducible components. As dim(Ej) < dim(Ss x s H ) — 1 the component 

Sj contributes to the equation in cohomologics iff Ej C killT§ x . 

From the local defining equation of killTg x (§3.1.4) we get therefore: 

Proposition 3.10. 

(40) ps.sJpdUTsJ - [% x , Sy ] + £ tang 3 [%] 

je.J 

where: _ 

* J indexes the irreducible components ofT,§ x § y \ x — y corresponding to collisions S x + S y — > S with mult(§) > mult(§ a; ). 

* Ej is the corresponding stratum lifted to the given ambient space. 

* tangj is the degree of tangency o/killTs x and T<§ x § y along Ej. 

3.2.4. Residual pieces for the degeneration E§ x § !j — > E§ x § !j '. Now the degeneration is done by intersection with the 

divisor killT§ y . As mult(S y ) < mult(S a; ) all the irreducible components of E§ x § y \ x=y will contribute to the cohomology 
class: 

(41) [E SxSy ][killT Sy ] = [% xSy ,] + ]T tan 9j {%] 

components of 

Eg x S B \ X= y 

where tangj is the degree of tangency of killTg B and Eg x § y along Ej. Let q 
only for a very few components. Then we can write: 

(42) [% x $ y ] ([killTgJ - q[E x=y \) = [% x§y ,\ + J2 

components 

£>S x § v \x=y 

where E x=y — T>s a ,s y \x=y is the "exceptional divisor". This form simplifies the computations. 

3.3. On the validity range of results. From the explanation of the method it is clear that an (obvious) necessary 
condition for the method to be applicable is: the stratum Eg x § !j is smooth, irreducible of expected dimension. 

A cheap sufficient condition is: d > o.d.(E> x ) + o.d.(S y ) (here o.d.(S) is the degree of determinacy, cf. the end of 

§2.2). The bound can be obtained as follows. Start from the stratum Es x s K and degenerate to the types: ordinary 

multiple points of multiplicities o.d(S x ), o.d.(S y ). The formulas certainly hold for E§ x g K if the corresponding formulas 
hold for the degenerated stratum. And in this later case an easy sufficient condition is d > o.d.(S x ) + o.d.(S> y ) (cf. 
theorem 4.2). 

Of course, this sufficient bound is far from being necessary. 



= min(tangj). In many cases tangj > q 
(tangj - q)[T,j] 

of 



4. Examples 

4.1. Two ordinary multiple points. Let E> x — x\ +1 + x^ +l , S y = y\ +1 + p > q. As in the example 3.1.1 the 
natural candidate for the lifting of T^s x s y is the variety of triples (a;, y, f) with / having S y at y and at x. To simplify 
the embedding we blowup the auxiliary space x along the diagonal A = {x = y}. Geometrically we add the line 
I = xy (defined by a one-form, a point in the dual plane Ff ). The exceptional divisor is E = {(x, y,l)\ x = y, l(x) = 0}. 
Thus the lifted stratum is defined as the strict transform: 

(43) % xSy (x,y,l) := {(x,y,l,f), x ± y\ f\ { x p) = = f\ y q) , l(x) = = l(y)} C Aux x \O p2 (d)\ 

Aux = {(x,y,l)\l(x)=0 = l(y)}c¥lx¥lx¥f 

4.1.1. Stepwise intersection. 

Theorem 4.1. The projection E§ x § y (x, y, l)^Aux C P x x P y x is a projective fibration over a smooth base, the 
projectivization of a vector bundle. In particular the lifted stratum is a smooth locally complete intersection. 
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Proof. As the degree is high, the defining conditions are transversal outside the diagonal x = y. (To check a 
specific fibre, fix the points x, y then the conditions are just linearly independent equations in |0 P 2(rf)|.) Therefore 

the topological closure T>s x s y (x, y, I) is an irreducible reduced algebraic variety. 

For x ^ y the fibre of £§ x s B (x, y, 1)— >Aux over (x,y,l) is a linear subspace of |C P 2(d)|. Consider the fibres over the 
diagonal. The points of S§ x § !j (x, y 7 l)\ x = v correspond to collision of the two ordinary multiple points. As is shown in 
§2.3.3, for E> x E> y ordinary multiple points, the restriction is irreducible: £§ x s B (x, y, l)\ x =y = ^s(x,l,f). Here § is the 
singularity type of (x p l ^ q + x p T q ){x q+ + x^ +2 ) and I is the line tangent to + x^ +2 ). Note that the fibre over 

(x = y, I) is a linear subspace of |C P 2(d)|. Its co-dimension (computed e.g. as the number of Z 2 points strictly below 
the Newton diagram) is ( p ~^ 2 ) + { q ^ 2 )i i- e - precisely the codimension of the general fibre over (x, y, I). 
Hence, as in the proof of proposition 2.9, there is the natural morphism: £§ x s y — > Aux — > Gr(\P n , Or^{d)\), giving to 
S§ x s !J the structure of projective fibration as on the diagram. 

% x $ y (x,y,l) A t cGr(P",|O pa (d)|) x \O v ,{d)\ 

(44) | | 

Aux A Gr(P n ,\0 P 2(d)\) 

Here r is the tautological fibration, the fibre over [P n ] e Gr is P™ C \0 V 2(d)\. ■ 

Theorem 4.2. For p > q the cohomology class of the lifted stratum [Y,§ x § y (x, y, I)] 6 H *(P 2 X P^ X Pf X \0 F 2(d)\,Z) 
is given by: 

(p+2\ <i Q—i 

(45) [S Sx s s (a;, y, I)} = (L + X)(L + Y) (f + (d - p)x) 2 [] (f + (d - i - j)Y + iX - jL - (p + 1 + i - j)E) 

i=0 j=0 

here E = X + Y — L is the class of the exceptional divisor. (For the notations of the cohomology generators cf. $2.1.1). 
The formula is applicable for d > p + q + 2. 

To get the solution of the enumerative problem (i.e. the degree of Sg x s !j ) we should apply the Gysin homomorphism 

corresponding to the projection E(x, y, I)— In this case it means just to extract the coefficient of X 2 Y 2 L 2 . In the 
case §a; = Sy (i.e. p = q) the resulting answer should be also divided by 2, as the singular points are not ordered. 

Corollary 4.3. In a few simplest cases the degree of £§ x s y is: 

9( p t 3 ) {d-pf{d + p-2)-l (p+ 2 ) (10p 2 + 39p + 7)(d - pf + 3(p+ 2 ) (d -p)(6 + 5p) 

45 ( p + 3 ) (d -pf(d + p-4) + 2(d -p){8 + 3p + p 2 )(35p 2 + 20p - 12) 

+ l)(d - p) 2 (Up 4 + 105p 3 + U7p 2 + lUp - 80) - 6(85p 2 + 45p - 28) 

135( p + 3 ) {d - pf{d +p - 6) + 2(d - p)(16 + 3p + p 2 )(270p 2 - 20p - 117) 

-p) 2 (Mp 5 + 527p 4 + 948p 3 + 1853p 2 - 894p - 1152) - 14(830p 2 - 105p - 348) 

For p = q = 1 this gives the classical result [Aluffi98, pg. 2]. For p = 2,q = 1 this coincides the results of 
[Klciman-Pienc98] and [Kazarian03-hab] . For other cases the results seem to be new. 

Remark 4.4. It is immediate from (43) that the stratum is symmetric with respect to the permutation (x,p) «-> (y, q). 
So, its cohomology class is symmetric in (X,p) <H> (Y, q). The answer in 4.2 is obtained (in a very non-symmetric way) 
under the assumption p > q. One might hope that this answer is still symmetric. However this happens for (p,p) 
and (p + l,p) cases only. So, for the general answer one should substitute max{p, q) and min{p, q) 1 i.e. the degree is 
written as deg '^ m ax(s :c ,Sy),min(s x ,Sy) with the obvious order on the types of ordinary multiple points. 

This contradicts the naive expectation of algcbraicity (as mentioned in §1.3): in general the cohomology classes of 
equisingular strata depend non-algebraically on the classical singularity invariants. 

proof of the theorem: 

^ My) 
As in §3.2.1 represent £g x s„ (x, y, I) as a stepwise intersection of the stratum (x, y, I) with hypersurfaces comprising 



deg{^ xP +i +xl+ i Ai ) = 
q = - 

deg(E xf+ i +x?+ i D4 ) = 
g = 3_ 

deg(E a .p+i +x p+i iX9 ) = 
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the conditions fffi = 0. Start from the case of one singular point 

(46) 5$W.O : = {{x,y,l,f)\ f\ (p) -0, l(x) = = l(y)} c \O p2 (d)\ x Aux 

At j'th step we have a variety Mj A \0 P 2(d)\ x Aux and a hypersurface Vj + \ C |0 P 2(d)| x Aux. Think about the 
intersection Mj n Vj+i as the pullback i*(Vj + \). Then the task is to take the strict transform of Vj+i, i.e. to subtract 
from the pullback the part of the exceptional divisor over {x — y}. 

The straightforward approach is just to consider the components of the tensor f\ y q ^ (i.e. all the partials) and 

Mv) 

intersect £ Sx (x,y,l) with the corresponding hypersurfaces: {d^° d[ 11 d^ 2 f \ y = 0}„ 0+ ...„ 2=9 . This will bring various 
complicated residual pieces. Instead, we represent these conditions as follows (cf. §2.1.1 for notations): 

(47) {f\<j\x_^x) = 0}" =o , {f\^ +1 \x_^xi) = 0}*~ Q \ .... {/ ^H^x^v) = °YZ> = 

i i i j q 

Here v is a fixed point, so that the points x,y,v generically do not lie on one line. By direct check it is verified that 
for generic parameters (i.e. y ^ x, v xy = I) these conditions are equivalent to f\^ = 0. For non-generic situation 
each such equation will give a reducible hypersurface in Mj, correspondingly a residual term should be subtracted. 



• M := Y,§ x (x,y,l) H {f\ y = 0}. The pullback of the hypersurface {f\ y — 0} to T,§ x (x,y, I) consists of the strict 

transform (the closure of the part over x ^ y) and the exceptional divisor E (over x — y). To calculate the multiplicity, 
expand y = x + ev, correspondingly: 

(48) = f\ y = ]%+__ + ey\P(v . . . vl +e^n^jv^J) + ■■■ 

vanish P+l 

i.e. the exceptional divisor enters with the multiplicity (p + 1). So, the strict transform is (f\ y = 0) — (p + \)E and 
the total cohomology class: [Y,§ x (x,y,l)]([f\ v = 0] - (p + l)[E]j <= H*(\0 V 2(d)\ x Aux). 
The points of M satisfy: 

* for y ^ x: f\ x p ^ — and f\ y = 
*fory = x: f\ [p) = = f\ [p+1) (v . . . v) 

P+i 



• In the same way do all the intersections with ^f\ y \x_^jc) = oj (i.e. Mi := Mj_i n {f\ y \x_^x) = 0}). At 

i i 

each step subtract the exceptional divisor with the necessary multiplicity. The resulting cohomology class is: 

q 

(49) [S Sx (x, y, I)} TJ ([/|« (x_^3) = 0] - [(p + 1 + i)E\) 

i=0 i 

The points of M q satisfy: 

* for y ^ x: f\ ip) = and f\ y = = f\$\x) = . . . f\ y q) (x_^x) 

* for y = x: f\ {p) = = f\ {p+1) (v...v) = --- = f\ {p+ci+1) {I... v) 

p+l p+q+l 

• Intersect with +1 \x . „ ff£>) = oj . Here v is a fixed point in P 2 . The intersection of each such hypersurface 

i 

with the previously obtained variety (say Mj) is reducible: it contains a component over v Gxy = I. (Note that this 
component is a divisor.) So, one should take the "strict transform": Mj + i = {{f\ y +1 \x^jcv) = 0} — {v G xy]^j CiMj. 

i 

Now, every point of Mj + \ satisfies: f\ y +1 \x^x) — 0. 

i 

Now, check the situation over the diagonal x — y, subtract its contribution as in the previous cases: 

(50) [% x (x, y, I)] f[ {[.f\f{x_^x) = 0] - [(p + 1 + i)E]) JJ ([f\^ +1 \x_^xv) = 0] — [v £ I] — [(p + i)E]) 

i=0 j i—0 j 
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Here v £ xy = I is a divisor (all the lines in the plane through the fixed point v). Its cohomology class: [v G /] = L. It 
should be subtracted with multiplicity 1. To check this expand as previously (eq. 48): v = v + ev\ (with v G I, v\ £ I), 
then 

(51) f\% +1 \x_.^) = f\^(x_.^v) +ef\^+ 1 \x_^^v 1 ) 



vanishes 



The points of the so obtained variety satisfy: 
* for y ? x: = and {/|« (x...x) = 0}? =1 



i-1 



* for y = x: f\i p) = = f\i P+1) (v...v) = - = f\ ( I +q) (v...v) = f\ {p+q+1) (v...v) 

P P+9-1 P+g+l 

• Do the rest of intersections, at each step subtracting (with appropriate multiplicities) the exceptional divisor and 
the class [» £ (]. Finally we get: 

(52) [S Sx§! , y, I)] = [S Sx (x, y, I)] f[ JJ ([/|<*+') (^3^3) = 0] - e I] - [(p + 1 + i - 



i=0 j=0 

The points of this variety satisfy: 
^ory^x: f\ {p) = = f\ y q) 

* for j, = x: = = /|1 P+1) (^v) = f\ {p+2) (v_^=- ■ ■ = f\ {p+q+1) (v_^v) 

p+l-q P+3-q p+q+1 

Substitute now the cohomology classes for the conditions (cf. §2). (Note that as v is a fixed point, the condition 
v S I is just one linear condition on I, its class is L. The class of the exceptional divisor is [E] = X + Y — L, cf. §2.1.1.) 
This proves the formula. 

Finally, regarding the sufficient bound for validity of the formula. Note that all the conditions that have appeared in 
the proof concern only the (p + q + l)'th jet of the function /. So, the bound d>p + q + 2is sufficient. ■ 




p+l p+2 p+3 



4.1.2. Degenerations: chipping off a line. 

Use the following elementary observation. Let Cj$ +llVq+1 be a curve of degree d with the 
points x p+ i, y g+ \ of multiplicities p+l,q+l. Let I = x p+ i,y q+ i. Suppose the intersection 

multiplicity satisfies: \lnCxf} +1 ,y q+1 1 > d. Then the curve is reducible: Cx^ +1 ,y g+1 = llSC^~y q \ 
We degenerate to get to this situation. The degeneration is done by forcing one of the 
branches at x to be tangent to I with high degree of tangency, i.e. " killing" the corresponding 
monomials (cf. the Newton diagram). 
This amounts to intersection of the stratum with the corresponding " degenerating hypersurfaces" . Their cohomology 

classes are given in §3.1.3. Let S +1 +1 (x, y, I) denote the lifted stratum of degree d curves with two ordinary multiple 
points, of multiplicities 

Theorem 4.5. The intersection of the stratumT, p+1 q+1 (x,y,l) with (d—q—p—1) degenerating hypersurfaces results in 

-(<*-!) ~| 

Cd = ll>Cd-i, (i,i/,l,Cj_i)eS M (x,y,l)>. In particular, 



the stratum of reducible curves E p d q ^ := |(x, y, I, Cd) 
the cohomology classes of the two strata are related by the equation: 
(53) 

,n d—q—1 

P p+ i, j+ i(i,S,1)] n (F+(d-k)X + kY-(k+q+l)E) = [S^" 1 )] eH*(P 2 x xP 2 y x¥fx\0 P 2(d)\), hereE = X+Y-L 



Proof. Start from the stratum Y, p+l q+1 (x,y,l), the corresponding curves satisfy: f ip) \ x = = f {q) \ y . Consider the 
degenerating hypersurfaces: 



(54) D p+1 :={f\^(y_^y) = 0}, D p+2 := {f\^ +2) i^y) = 0}, . . . .D d - q -t 

p+l p+2 



{f\i d -^{y_^=0} 

d-q-1 
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These conditions, imposed onto the curve ci^ +lj y 9+1 , force the intersection multiplicity: mult x {C x d ^ +lyVq+1 ,xy) > 
(p + l) + (d — p — q — 1) = d — q. (Pass to the local coordinate system to verify that these are precisely the derivatives 
in the given direction.) 

Hence, outside the diagonal {x = y} one has: 

—(d) d-q-1 

(55) X p+ltq+1 (x,y,l) n y p| Dj = n {x ? y} 

j=p+i 

The cohomology classes are (see §3.1.3): [Dj] = F + (d - j)X + jL E H 2 (¥ 2 X xP^x^x \O r *{d)\). 

Consider the intersection near the diagonal. Recall from§2.3.2, that the points over the diagonal q +i{x, y, l)\x=y 
correspond to the type with the representative: (x p ~ q + y p ~ q )(x q+1 +y 2q+2 ) = x p+1 + x q+1 y p ~ q +y p+q+2 . The defining 
equations for such a fibre are: 

(56) f\™ = 0, fl^H^v) =0, ... f\ y p+q+1 Hv_^v) = 

p— 9+1 p+q+1 

Md) Md) 

here v is a point on the line /, x ^ v. Thus the intersection D p+ \ n T, p+lq+1 (x,y,l) contains T, p+lq+1 (x,y, l)\ x =y as 
an irreducible component. To find the multiplicity of this component, expand x = y + ev: 

(57) f\^ +1) ^y) = .... + e q f\ y p + q + 1 \^)+e q+1 f\ y p+q+2 \^) + ... 

„_]_! p+q+1 p+q+2 

v ' 

—(d) 

ish on 

Therefore for the cohomology classes have: 

— (<*) =75) —(d) 

Pp+i.g+i^.y.OJl^p+i] = Pp+i.g+iC^s/.O Q d p+1 ] + (p + 9 + 2)[£ +1 +1 (x, y ,i)\ x=y ] 

(58) ^ ( \ 155 

i-e- [ Vi,9+i V> 0] ([^p+i] - (P + 9 + 2)£) = [S^ (s, V, I) n y D p+1 ] 

which is the first term in the product of the statement. Continue by induction. 

After the k'th step the points of the stratum si+i a +i( x i Vi ^ n -Dp+i satisfy: 

a?7^y i— l 

(59) /(P)| x = = /^| y) /^(y^^O, ... f\^(jj_^y) = 

p+l p+k 



To check the intersection of D p+ k+i on the diagonal we should obtain the defining equations of £p+i „ + i (x, y,l) D n -D p +i 

near x = y. This is done by the flat limit. The procedure similar to that of 2.3.2 gives the degree of the intersection 
Dp+k+i with the diagonal: p + q + 2 + k. So, the k'th step brings to the product the factor: [£) p+ fc + i] — (p + q + 2 + k)E. 



By applying this process q + 1 times one arrives at a curve with an ordinary multiple point of multiplicity (p + 1) and 
a line of multiplicity q + 1 as a component. For such a stratum the answer is known classically. As every intersection 
is invertible this solves the enumerative problem. 

4.2. The class of £§ x .Ai by degenerations to ordinary multiple point. We consider here the simplest case: 

E>y = Ai, then the degeneration process of S§ xjJ 4 1 is quite explicit. 

Let T§ x — l Pl . . . be the tangent cone of § x and £§ x (x, l\ . . . Ik) the corresponding lifting, as in §3.1. So, we start 
from the lifted stratum: 

, . ~ , , f (x,y,l,h...l k ,C) C has at x and Ai at y \ 

(60) ^. Al (x,y 7 l } li...lk):={ x ^ y ^ l=Tg T (C;X) =/f ...11" / 

Intersect with the divisor killTs x , cf.§3.1.4, such that Es x (x, l\ . . . Ik) n killT§ x = T, Sx > (x, h . . . Ik)- Here S x ' is the 
degenerated singularity type, recall that if is linear singularity then S x ' is well defined. 

Note that T§ x ^ T§ x >, hence some of U of £§ x '(x, l\ . . . Ik) can be not related to the parameters of the singularity 

§ x '. In the extremal case, when S x ' is an ordinary multiple point, one has: T, Sx '(x, h...lk) = £§ x '( x ) n f)i{ x e h}- 
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The intersection {%, y,l,h ■ ■ ■ h) H killT§ x brings in addition the residual pieces over the diagonal: 



Theorem 4.6. Killing the tangent cone results in the cohomological equation in H*(Aux x |C P 2 (d)\, Z) 
(61) 

Zs^Atix^JAh}) [killTsJ = J: Sx ^ Al (x,y,l,{li}) +2[x = y] S Sl (x, I, {k}) +[x = y] ^ [I = k] Z§ 2 (x,l,{k}) 

i such that 

Pi = i 

where the strata for Si, §2 are defined by 

S Sl (x, I, {k}) = %(x, {k}) n{xel, = = /|l p+1) (^3) W G /} 



(62) 



W =0 = /|(f+ 1 )(^_ 5 ) WgZ 
p+1 



} 



T/ie needed class [T,g xtJ i 1 (x,y,l,{li})] is determined from this equation uniquely. 



This theorem expresses the class 



and the known classes 



E Sl (a;, I, {k}) 



{%, y, I, {k}) in terms of the degenerated stratum £s x ',.Ai (x, y, I, {k}) 



and 



Es 2 (x, l,{k}) 



, the later two correspond to curves with one singular point 



(of a linear type). Hence, after a few degenerating steps (not more than the order of determinacy of § x minus the 
multiplicity of S x ), one arrives at the stratum of ordinary multiple points, the class of which was computed in the 
preceding section. 

In particular, if o.d.(S x ) — mult(S x ) = 1, i.e. Sa; has a representative of the form f p + with generic, 

then the problem is solved in one step. If is already an ordinary multiple point then the theorem can be used to 

compute the class [S Sx ' jJ 4 1 (x, y, I)} in terms of [S§ x ^ 1 (x, y, /)], i.e. it gives an alternative (and fast) way to solve the 
cnumcrative problem for ordinary multiple points. 

Various numerical answers are given in Appendix. 
Proof. We need only to understand the residual pieces over the diagonal {x = y} and their multiplicities. Consider 

the locally defining equations of S§ xJ 4 1 (x, y, I, {k}) off x = y. As in §2.3.2 take the limit ytox, i.e. expand y = x + ev. 
Then the preliminary set of equations consists of the equations of S x and local expansion of H y = A\\ 



(63) 



fW\ x ~ SYM(/f,..., ll" ),.... further equations of S x , .... 

f^\ x (v_^v) + ef^+%(v_^v) + • • • = = f^+V\ x (v_^v) + ef^+ 2 )\ x {v_^v) + ... 

p-l p p+l p+2 



Here the proportionality of tensors is the only condition of involving f^\ x . 

This equation gives rise to the syzygies. We should take the flat limit as e — >• 0. The following cases are possible: 

• 3i : pi > 2 and k = I. Then in the equation above the term f^\ x {v^v^ necessarily vanishes (as v G U). So, the 

p-i 

equations place no conditions on f^\ x except for f^\ x ~ SYM^ 1 , . . . , Z^ fc ). Thus, generically f^\ x ^ and this 
locus of Aux does not contribute to the cohomology class (cf.§3.2.3). 

• 3i : pi = 1 and li — I, but {k} are pairwise distinct. Then in the equations above the number of independent 
(linear) conditions on f^\ x equals precisely the number of independent entries. So, the equations of this piece are 
f^\x = = f( p+1 ^\ x (v_^v) and some equations of 8^ on higher derivatives. 

P+i 

• Vi: k ^ I and {k} are distinct. Then the number of independent (linear) conditions on f^\ x is bigger by one 
than the number of its independent entries. So, the equations of the contributing residual piece arc: f^\ x = = 
f(p+%(v_^v). 

p 

Note that in both cases the residual pieces are reduced, as all the equations are linear in / or its derivatives. 

Now compute the tangency degrees of the divisor killT§ x and the residual pieces. Namely, add to the locally defining 

ideal of E§ xJ 4 1 (x, y, I, {k}) near the contributing residual piece the local equation of killT§ x and check the primary 
decomposition of the bigger ideal. In the two relevant cases we have: 
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• 3i : pi = 1 and h — l, but {k} are pairwise distinct. Then the enlarged ideal is generated by 

(64) 

f (p) \ x = 0, ef \ x (v... v)+e 2 f ( - p+2 '> \ x (v...v)..., \ x (v . . . v)+ef {p+2) \ x (v . . . v)+. ...... conditions on higher derivatives . 

P p+1 p+1 p+2 

And its primary decomposition consists of the two parts: j/^ p '| x , e, f^ p+1 ^ \ x (v^v), . . . j and |/' p ^ | x , | x (^_j;)+ 

p+i p 

e 2 /( p+2 )| x (u_j;) ....... |. So the tangency in this case is 1. 

P+i 

• Vi: U ^ I and are distinct. Then the enlarged ideal is generated by 

(65) f ip) \ x = 0, e 2 / (p+2) \ x {v_^v) + • • • = = f ip+1) \ x (v_^v) + ...,... conditions on higher derivatives . . . 

p+i p 
So the tangency in this case is 2. ■ 

Appendix A. Some numerical results for enumeration of curves with two singular points 

We give below explicit expressions degT,§ x ^ y for various types § x and S y an ordinary multiple point. This is only 
a tiny amount of possible enumerative results, for more formulas cf. the attached Mathematica file in the Arxiv 
[Kerner07-3] or on author's homepage. 

As is well known (cf. [KazarianOl, Kazarian03-1]) for a collection of singularities §i . . . S r the degree of the stratum 
£si...s r * s ex P resse d as: 

( 66 ) deg(S Sl ... s? .) = 7-7^-77 ' • ' - S m,ej k 

1 'jiU-UJ* 

Here the sum is over all the possible decompositions {§1, . . . , S r } = |J Jj and S^.y.^ 7 is the specialization of Thorn 
polynomial, S§ x = deg(£§ x ). One divides by \ Aut\ the cardinality of the automorphisms (depending on the coincidence 
of the types). In particular, for two singular points: deg(£s xSi/ ) = deg(£§J deg(S Sy ) + S§ x § y . 

The degrees deg(£§J are known e.g. from [Kerner06, §A.2], for particular cases cf. example 3.2. For completeness 
we present them here. 

• For the ordinary multiple point: deg^^p+i^p+i) = (( | ^)(d — p) 2 ■ 

• For the singularity type § x with the representative f p + x p+1 + x p+1 , and the tangent cone T Sx = l Pl . . . l Pk , with 

J2Pi = P- 

(67) 

\ l<i<j<k J 

Here G is the symmetry group, permuting lines with coinciding Pj's. 

• For the singularity type § x with the representative {x p ~ l + x?,)(xi + x\), 

(68) deg(S s J = P(P + 4 )(P- 1 ) ( 2 p3 + 7p 2 _ 5p _ 2){d _ p f + ( fP + 2 \_ 3)p 2 {d _ p){d _ 2{p + l% 



Below are the degrees of strata for curves with two singular points. For two ordinary multiple points the final answers 
are also given in §4.1. Recall, for Sg x § !( we always assume: mult(S x ) > mult(S y ). If S x = S y the final answer should 
be divided by 2. 
(69) 

deg(£ x P +1+x?+Ul ) - deg(E xf+1+xP+1 ) deg(S Al ) - f ( p + 2 )(d - p) 2 (3p + A)(p 2 + 3p + 4) + 3( p + 2 ) (d - p)(5p + 6) 

_ _ _ / -§(d-p) 2 (p + l)(3p-l)(p 2 +3p + 8)(p 2 +3p+10) 

dc s(^ x ^ +x ^\D 4 ) = deg(S 4+1+x p +1 ) deg(S I34 ) + ^ +2{d _ p){p2 + 3p + 8)(35p2 + 2Qp _ 12) _ 6(g5p2 + ^ p _ 2g) j 

,WV ^-,WV )Jn„(T \ -u ( -|^-p) 2 (3p + 2)(3p-2)(p 2 +3p+16)(p 2 + 3p+18) \ 

deg(E xf+ i +a; p + i iJf9 )-deg(E xf+ i +x p + i)deg(E jr9 )+ I J {d _ p)(j> 2 + 3p+ 16)(270j) 2 _ 20p _ m) - i4(830p 2 - 105 P - 348) I 

(70) deg(£^ +x , + i iA J = deg(E^ +I ^ 
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(71) 

A \-a u (V ^ ( - pHd ' V f <5+P) (2 + 5p + p 2 )(2 + lip + 6p 2 ) \ 

de s( S ^ ) " de s( S ,K + ^ +1) )deg(S Al )+ ^ (p+1)(g+5)p 3 (d _ p)(2p + 3)(3p + 4) _ + 41p 3 + 55p2 + 64p + 92) J 

/ - r>(d-v)Hi+v)(v+e>) {p 2 + 7p + 4)(9p2 + Up + 24)+ 
(72) deg(E (a;2+y2)0c p +x p + i Mi ) = deg(S (;c2+!/2)(xf+x p + i ) ) deg(E Al ) + f +p{d _ p )( p 2 + 7p + 4)(9p 4 + 79p3 + 220p 2 + 216p + 63) \ 

-p(9p 6 + 124p 5 + 587p 4 + 1316p 3 + 1480p 2 + 654p + 60) 

(73) 

A /v ^ ^ ^ / -9( p + 3 )p(d-p) 2 (4 + p + 2p 2 )+3p(p 4 + 3p 3 + 3p 2 +4p-4) \ 

(74) 

_ _ _ / - 3(d ~ p)2 (p 2 + 3p + 6)(p 2 + 3p + 8)(3p 3 + 6p 2 + 12p + 5) \ 

p > 2, d e g(E (x p_2 + x p-2 )(a! 2_ x 4 ) , Al ) = d °S( S (xr 2 +!cr 2 )(!c 2_ x 4 ) ) dcg(S Al ) + [ + 3(d-p) (?) 2 + 3p + g )(3p 4 + 2 g p 3 + 4gp 2 + glj) + 2g) 1 

-3(57 + 182p + 118p 2 + 51p 3 + 10p 4 ) 

For small values p = 2, 3 these formulas reproduce the results of [Kazarian03-hab] . 
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